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Abstract
We investigate numerically the self-sustained dynamo action in a spinning sphere whose
sense of rotation reverses periodically. This system serves as a simple model of a dynamo
in small bodies powered by frequent collisions. It is found that dynamo action is possible
in some intervals of collision rates. At high Ekman numbers the laminar spin-up flow is
helical in the boundary layers and the Ekman circulation together with the azimuthal
shear powers the dynamo action. At low Ekman number a non-axisymmetric instability
helps the dynamo action. The intermittency of magnetic field occurs at low Ekman
number.
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1. Motivation
Magnetic fields are ubiquitous in the universe and dynamo action is believed to
create those magnetic fields by transforming kinetic energy of a fluid electric conductor
into magnetic energy. The fluid motion is probably driven by thermal and/or composi-
tional buoyancy in the Earth’s fluid core and in the solar convection zone. Mechanical
forcing is an alternative driving mechanism. Bullard (1949) once pointed out that the
Earth’s precession is capable to drive the geodynamo and Tilgner (2005) implemented
numerically a precession dynamo. Recently, several mechanically forced dynamos were
proposed, such as the Martian dynamo induced by tidal forces (Arkani-Hamed et al.,
2008), the lunar dynamo induced by precession (Dwyer et al., 2011) and collisions
(Le Bars et al., 2011), and dynamos in planetesimals induced by collisions (Weiss et al.,
2008). However, these recent works focused on the planetary science and did not ver-
ify by solving the equations of magnetohydrodynamics (MHD) that the forcing under
consideration leads to a flow capable of dynamo action.
An irregularly shaped small body, e.g. planetesimal with a liquid core will in general
execute a complicated motion following a collision, with precession and nutation of its
rotation axis. In this paper, we simplify this problem geometrically by considering a
spherical core, and dynamically by assuming that the planetesimal has a constant angu-
lar velocity between collisions and that the effect of collision is to reverse the direction
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of rotation. The fluid inside the sphere thus undergoes a sequence of spin-up motions
whose property as a dynamo we investigate. In section 2 we formulate the equations
and introduce the numerical method. In section 3 we present our computational results.
In section 4 we summarise our results and propose an application to planetary science.
2. Equations
We consider an incompressible conducting fluid in a spherical shell with the outer
sphere rotating about the symmetric axis back and forth due to tangential collisions.
The dimensionless Navier-Stokes equation in the inertial frame reads
∂U
∂t
+U ·∇U = −∇P +Re−1∇2U + (∇×B)×B, (1)
and the dimensionless magnetic induction equation reads
∂B
∂t
=∇× (U ×B) +Rm−1∇2B. (2)
In the governing equations (1) and (2) length is normalised with the outer radius ro, time
with the rotation time scale of the outer sphere Ω−1, velocity with Ωro, and magnetic
field with
√
ρµΩro, where ρ is the fluid density and µ the magnetic permeability. There
are then two dimensionless parameters, the Reynolds number Re and the magnetic
Reynolds number Rm. The Reynolds number
Re =
Ωr2o
ν
(3)
measures the rotation of the outer sphere which is the driving agent, and is the inverse
of the Ekman number
Ek =
ν
Ωr2o
, (4)
which is the ratio of the rotational time scale to the viscous time scale. The magnetic
Reynolds number
Rm =
Ωr2o
η
(5)
measures the ratio of the magnetic induction to the magnetic diffusion, which is equiva-
lent to the ratio of the magnetic diffusive time scale to the fluid advective time scale. In
our computations the aspect ratio is fixed to be ri/ro = 0.1 such that the inner sphere
is small enough to be negligible. The velocity boundary condition is no-slip at r = ro
and stress-free at r = ri to approximate a full sphere. The boundary condition at ro
for the reversals of rotation direction is as follows:
if mod(IP (t/τ), 2) = 0 then uφ = sin θ at r = ro,
if mod(IP (t/τ), 2) = 1 then uφ = − sin θ at r = ro. (6)
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where IP (x) denotes the integer part of a real number x, τ is the length of the interval
between collisions and θ is the colatitude. The magnetic boundary condition is insu-
lating at ro and ri. The initial field is a random seed field. This boundary condition
seems like a longitudinal libration and the librating flows have been extensively studied,
e.g. Calkins et al. (2010), Zhang et al. (2013), and Sauret et al. (2013). Libration is a
small harmonic motion superposed on a global rotation. Our boundary condition is the
Heaviside function in time in respect of rotation direction.
The numerical method is a standard pseudo-spectral method in spherical coordi-
nates (r, θ, φ) (Hollerbach, 2000). The nonlinear terms are evaluated in physical space
and transformed back and forth between physical and spectral spaces. The toroidal-
poloidal decomposition method is employed for fluid flow and magnetic field such that
the divergence-free condition ∇ · u = ∇ ·B = 0 is automatically satisfied. The fluid
flow and magnetic field are decomposed as
U =∇× (erˆ) +∇×∇× (f rˆ),
B =∇× (grˆ) +∇×∇× (hrˆ), (7)
where e and f are respectively the toroidal and poloidal components of U , g and h are
respectively the toroidal and poloidal components of B, and rˆ denotes the unit vector
in the radial direction. The spherical harmonics Pml (cos θ)e
imφ are used on the spherical
surface (θ, φ) and the Chebyshev polynomials Tk(r) are used in the radial direction. For
example, e is represented by
e =
∑
k,l,m
eklm(t)Tk(r)P
m
l (cos θ)e
imφ, (8)
where k, l and m are respectively the radial, colatitude and longitude wavenumbers.
The second order Runge-Kutta method is used for the time stepping. The resolutions
up to k = 128 Chebyshev modes in the radial direction, l = 128 Legendre modes in the
colatitude direction and m = 32 Fourier modes in the longitude direction are used.
3. Results
The evolution of an unsteady flow driven by spinning boundaries is called the spin-
up process (Greenspan, 1968). In the spin-up process the fluid motion develops near
the boundary forming Ekman layers, which then causes a secondary flow, the Ekman
pumps, emerging from the boundary layers and extending through the whole fluid
interior. The spin-up process ultimately leads to a solid body rotation. The time
scale of the spin-up process, the thickness of the boundary layer and the velocity of
Ekman pumps are respectively proportional to Ek−1/2, Ek1/2 and Ek1/2. The solid
body rotation in a sphere is a toroidal flow and cannot act as a dynamo. If, however,
the spin-up is excited anew at regular intervals by a modification of the rotation of the
boundaries, we can expect dynamo action arising from this time-dependent flow.
We numerically simulate different combinations of Re or Ek, Rm and τ to search
for dynamos. Figure 1 shows successful and failed dynamos in the plane spanned by
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Rm and τ at four different Re or Ek, namely Re = 2 × 102, 5 × 102, 1 × 103, and
2 × 103 (or alternatively Ek = 5 × 10−3, 2 × 10−3, 1 × 10−3, and 5 × 10−4). In each
figure at a fixed Re, a variation of Rm is equivalent to a variation of magnetic Prandtl
number, which is the ratio of viscosity to magnetic diffusivity. As expected, at fixed
Ek and Rm, dynamos occur only in a certain window or interval of τ . If τ is too small
and rotation reverses too often, the fluid in the interior of the sphere barely follows the
motion of the boundaries and acquires too little kinetic energy. If on the other hand τ
is too large and collisions are infrequent, the fluid spends much time in a state close to
solid body rotation, which is not favorable for dynamo action. Dynamo action of the
overall flow can thus only be expected for intermediate values of τ . At the largest three
Ek investigated in figure 1, dynamos are found at τ = 5 and 10, but at the lowest Ek,
the dynamos occur at τ up to 70.
In the dimensionless equations we use Ω−1 to normalise time such that the dimen-
sionless spin-up time scale is Ek−1/2. If, instead, we use the dimensional spin-up time
scale Ek−1/2Ω−1 to normalise time, then the dimensionless τ ′ should be related to τ
through τ ′ = Ek1/2τ . Ek in our computations is taken to be 5×10−3, 2×10−3, 1×10−3
and 5× 10−4. Accordingly, Ek1/2 is 0.071, 0.045, 0.032 and 0.022. If we translate τ to
τ ′, then at the three higher Ek the dynamos occur at τ ′ = 0.016, 0.225, 0.032, 0.355,
0.045, 0.710 (sorted from the smallest to the largest), and at the lowest Ek the dynamos
occur at τ ′ ranging from 0.110 to 1.540. The maximum τ ′ at the lowest Ek is almost
twice of that at the three higher Ek. So the physics of a much wider dynamo window at
the lowest Ek is dynamically different from the physics of narrow windows at the three
higher Ek. This spin-up time scale is usually applied to a laminar flow, but the flow
at the lowest Ek is already unstable (though not very turbulent, we will see later), and
therefore the narrow dynamo windows at high Ek results from a laminar flow whereas
the much wider dynamo window at the lowest Ek results from the flow instability.
Similarly, we can choose the Ekman pumping velocity which is at the order of
Ek1/2Ωro to normalise the velocity instead of Ωro to investigate the critical magnetic
Reynolds number. Rmc at the four Ek is 15000, 3000, 3000 and 5000. Then Rm
′
c is
Rm′c = Ek
1/2Rmc = 1065, 135, 96, 110. Rm
′
c at the highest Ek (or the lowest Re),
corresponding to the strongest Ekman pumping, is highest, and this indicates that the
Ekman pumping alone cannot be responsible for the dynamo action. On the other
hand, at the highest Ek (or the lowest Re), the azimuthal shear is the weakest and so
Rm′c is the highest. Therefore, in a laminar flow at high Ek both the Ekman pumping
together with the azimuthal shear powers the dynamo action.
To better understand this spin-up dynamo, we need to know more about the struc-
tures of fluid flow and magnetic field. Figure 2 shows the axisymmetric fluid flow
and magnetic field in the meridional plane. Subfigures 2a and 2b are at the higher
Ek = 2 × 10−3, and subfigures 2c and 2d at the lowest Ek = 5 × 10−4. We first in-
vestigate the flow in subfigures 2a and 2b. The angular velocity of the fluid, given by
uφ/(r sin θ), exhibits in the interior the two-dimensional columnar structure demanded
by the Taylor-Proudman theorem with a fluid motion independent of the coordinate
along the rotation axis. The Ekman layer develops in the vicinity of outer boundary
4
Figure 1: Dynamo windows at (a) Re = 2 × 102 or Ek = 5 × 10−3, (b) Re = 5 × 102 or
Ek = 2×10−3, (c) Re = 1×103 or Ek = 1×10−3 and (d) Re = 2×103 or Ek = 5×10−4. The
horizontal axis shows Rm and the vertical axis shows the collision interval. Squares denote
dynamos and crosses failed dynamos.
(a) Re = 2× 102 or Ek = 5× 10−3 (b) Re = 5× 102 or Ek = 2× 10−3
(c) Re = 1× 103 or Ek = 1× 10−3 (d) Re = 2× 103 or Ek = 5× 10−4
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but not at the inner boundary because the stress-free condition is imposed at the in-
ner boundary, and the meridional circulation concentrates near the outer boundary.
Although the angular velocity reverses during the two successive collisions, the merid-
ional circulation is always clockwise in the northern hemisphere and anti-clockwise in
the southern hemisphere because the Ekman pumping due to collisions always drives
the flow away from the equator along the axis of the sphere. We next investigate the
magnetic field in subfigures 2a and 2b. The toroidal field is anti-symmetric about the
equator, and it is concentrated near the outer boundary where the shear is strongest,
and the poloidal field is dipolar. It is interesting that the dipolar field always points
to the same direction while the toroidal field reverses after collisions. We then move
to subfigures 2c and 2d to investigate the lowest Ek. Both the differential rotation
and the meridional circulation are more concentrated in the thinner Ekman layer. The
toroidal field becomes equatorially symmetric and the poloidal field is quadrupolar.
This symmetry is also admitted by the magnetic induction equation, namely either an
equatorially anti-symmetric toroidal field with a dipolar field (the two right panels in
subfigures 2a and 2b) or an equatorially symmetric toroidal field with a quadrupolar
field (the two right panels in subfigures 2c and 2d) can be the dynamo solution.
The spin-up flow has the same topology as the S2T1-flows studied by Dudley and James
(1989), so that the dynamo action of the spin-up flow is not surprising. One can also at-
tempt interpretations in terms of mean field magnetohydrodynamics with its two main
ingredients, the α and Ω effects. There is undoubtedly differential rotation present in
the spin-up flow, so that some Ω effect is plausible. In the limit of good scale sepa-
ration and small magnetic Reynolds number on the scale of the smallest motion, the
α effect is related to the helicity of flow. Figure 3 shows the spatial distribution of
the helicity. It is anti-symmetric with respect to the equator, reverses sign after each
collision, and is concentrated in the boundary layers. The helicity h = u · (∇× u) has
three terms, h = ur(∇ × u)r + uθ(∇ × u)θ + uφ(∇ × u)φ. The first term turns out
to be negligible compared to the other two terms, which are comparable to each other.
The components of ∇×u are of course largest in the boundary layers, so that helicity
has to be large there, too. From the field pattern described above, it is not possible
to discriminate between an α-Ω dynamo and an α2 dynamo (with the α of opposite
sign in the two hemispheres) whose field is distorted by the differential rotation without
adding constructively to the induction. The observed field pattern is compatible with
both possibilities. In all of our dynamos, the toroidal kinetic energy contributes to
90% of the total kinetic energy and the toroidal magnetic energy to 60% of the total
magnetic energy, but this again cannot indicate which type of dynamo they belong to.
We now investigate the spectra of the velocity and magnetic fields. Figure 4 shows
the power spectra of fluid velocity and magnetic field at the two Ekman numbers
corresponding to figures 2 and 3. The laminar spin-up flow realised at the larger of
the two Ekman numbers is of course axisymmetric and symmetric with respect to the
equator, as shown in subfigure 4a. A kinematic dynamo with such a velocity field excites
a magnetic field with a single azimuthal wavenumber m and a well defined symmetry
with respect to the equator. All calculations have been done including the Lorentz
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Figure 2: Snapshot of longitude-averaged fluid flow and magnetic field in the meridional
plane. From left to right the four panels are angular velocity, meridional circulation, the
toroidal field and poloidal field. Solid lines denote positive (anti-clockwise), and dashed lines
negative (clockwise). (a) Ek = 2 × 10−3, Rm = 3 × 103, τ = 10 and mod(IP (t/τ), 2) = 0.
(b) Ek = 2 × 10−3, Rm = 3 × 103, τ = 10 and mod(IP (t/τ), 2) = 1. (c) Ek = 5 × 10−4,
Rm = 104, τ = 10 and mod(IP (t/τ), 2) = 0. (d) Ek = 5 × 10−4, Rm = 104, τ = 10 and
mod(IP (t/τ), 2) = 1
(a) Ek = 2× 10−3, Rm = 3× 103, τ = 10 and mod(IP (t/τ), 2) = 0.
(b) Ek = 2× 10−3, Rm = 3× 103, τ = 10 and mod(IP (t/τ), 2) = 1.
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(c) Ek = 5× 10−4, Rm = 104, τ = 10 and mod(IP (t/τ), 2) = 0.
(d) Ek = 5× 10−4, Rm = 104, τ = 10 and mod(IP (t/τ), 2) = 1.
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Figure 3: Longitude-averaged helicity in the meridional plane. From left to right, the four
panels correspond to the subfigures (a), (b), (c) and (d) in figure 2.
force, but in the situation close enough to the onset of dynamo instability, one still
finds a magnetic field dominated by the m = 1 mode, and the equatorial symmetry is
reflected by the fact that the toroidal (poloidal) modes with even (odd) l−m have much
larger amplitudes than those with odd (even) l −m. At the lowest Ek the equatorial
symmetry in the velocity field is broken by the first instability as shown in subfigure
4b. The magnetic field then also loses the symmetries it had in the laminar case. One
expects a more complex and three dimensional flow to be a better dynamo than the
axisymmetric laminar spin-up flow, and this instability may explain why the dynamo
window at the lowest Ek is much wider than the other three dynamo windows at the
higher Ekman numbers in figuer 1.
Figure 5 shows time traces of different contributions to the total kinetic energy at
two different Ekman numbers at τ = 20. At the higher Ek (subfigure 5a) the flow is not
a dynamo and the field decays to zero whereas at the lowest Ek (subfigure 5b) it is a
dynamo. At the higher Ekman number, the m = 1 component of the flow is negligible
and at the level of round-off errors. The same is true for the axisymmetric compo-
nent with the equatorial symmetry opposite to the symmetry imposed by the boundary
condition. At the lowest Ekman number, energy appears in all modes irrespective of
azimuthal wavenumber and equatorial symmetry. The flow is axisymmetric at the three
higher Ekman numbers in figure 1 where no dynamo action occurs at τ = 20, whereas
the flow at the lowest Ek is unstable and dynamos are observed up to τ = 70. There-
fore, it is likely that the non-axisymmetric hydrodynamic instability is responsible for
the wider dynamo window at the lowest Ek. We can also investigate the distribu-
tion of non-axisymmetric energy. Figure 6 shows the distribution of kinetic energy of
non-axisymmetric instabilities (〈u · u〉 − 〈u〉 · 〈u〉) /2 (where the brackets denote the
azimuthal average) in the meridional plane. The location of instability corresponds to
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Figure 4: Power spectra of fluid flow and magnetic field. The vertical axis has a logarithmic
scale. l is the colatitude wavenumber and m the azimuthal wavenumber. From left to right,
the top row shows the colatitude spectra of, respectively, toroidal flow e, poloidal flow f ,
toroidal magnetic field g and poloidal magnetic field h (as in equation 7). The bottom
row shows the corresponding longitude spectra. (a) Ek = 2 × 10−3, Rm = 3 × 103 and
τ = 10 (corresponding to subfigures 2a and 2b). (b) Ek = 5 × 10−4, Rm = 104 and τ = 10
(corresponding to subfigures 2c and 2d).
(a) Ek = 2× 10−3, Rm = 3× 103 and τ = 10.
(b) Ek = 5× 10−4, Rm = 104 and τ = 10.
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Figure 5: Kinetic energies on different modes as a function of time. (a) Ek = 2× 10−3 and
τ = 20. (b) Ek = 5×10−4 and τ = 20. Red for toroidal component e of (k = 1, l = 1,m = 0),
green for poloidal component f of (k = 1, l = 1,m = 0), blue for toroidal component e of
(k = 1, l = 1,m = 1) and black for poloidal component f of (k = 1, l = 1,m = 1).
(a) Ek = 2× 10−3 and τ = 20.
0 100 200 300 400 500 600 700 800 900 1000
10−20
10−15
10−10
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the location of the largest shear, as can be seen by comparing the left panel in figure
6 to the first panel in subfigures 2a and 2b and the right panel in figure 6 to the first
panel in subfigures 2c and 2d, which are visualizations of the same fluid state.
We then investigate the saturated magnetic energy integrated over the spherical
shell. First of all, in our dynamo solutions, at the saturation level, the ratio of mag-
netic energy to kinetic energy is around 0.15, which suggests that the spin-up dynamos
in our parameter regime are weak field dynamos. Figure 7 shows the magnetic energy
as a function of Rm at different Ek and τ . It is reasonable that a higher Rm corre-
sponds to a higher magnetic energy. It is also reasonable that a lower Ek corresponds
to a lower magnetic energy because the spin-up flow at a low Ek cannot fully develop
and reach its maximum between two successive collisions. In the convection dynamo,
Ek determines the onset of convection and hence how far overcritical a certain Ra is,
it fixes the size of the convection rolls, and determines the Coriolis force in the magne-
tostrophic balance, which leads to various scaling laws of magnetic energy against Ek
(e.g. Starchenko and Jones, 2002; Christensen, 2010). However, in the spin-up dynamo,
Ek is responsible for the energy input. A higher Ek corresponds to a larger viscosity
(at a constant rotation rate) and hence more power injection into the fluid. Therefore,
11
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(b) Ek = 5× 10−4 and τ = 20.
Figure 6: Longtude-averaged kinetic energy of non-axisymmetric instabilites
(〈u · u〉 − 〈u〉 · 〈u〉) /2 in the meridional plane. The left panel corresponds to subfig-
ures 2a and 2b and the right panel to subfigures 2c and 2d.
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Figure 7: Saturated magnetic energy as a function of Rm at different Ek and τ . Red
colour for Ek = 5 × 10−3, green for Ek = 2 × 10−3, blue for Ek = 1 × 10−3 and black for
Ek = 5× 10−4. Square for τ = 5, circle for τ = 10 and triangle for τ = 20.
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in the spin-up dynamo the saturation of magnetic energy is largely determined by the
time left until the next collision or until the spin-up process has finished, but not by a
force balance as in the convection dynamo. Increasing τ at a constant Rm allows the
kinetic energy to grow further, but it also leaves more time for the magnetic field to
decay. But it looks anomalous that at the highest Ek = 5 × 10−3 there is an abrupt
jump of magnetic energy between the low Rm regime (1.5− 2× 104) and the high Rm
regime (2.5 − 3 × 104). There is also an abrupt jump in the non-axisymmetric kinetic
energy at around Rm = 2 × 104. At the the highest Ek, the purely hydrodynamic
flows with the absence of magnetic field are stable, but the hydromagnetic flows with
the presence of magnetic field exhibit instability at high Rm = 25000−30000, and this
instability at Ek = 5 × 10−3 leads to a higher magnetic energy. This type of instabil-
ity that occurs when Rm is increased might be caused by the magnetic field, i.e. the
so-called magnetic instability (Acheson, 1972).
To end this section we briefly investigate the intermittency of the magnetic field at
the lowest Ek = 5 × 10−4. Subfigure 8a shows peaks in the time series of magnetic
energy which typically last for about 1000 units of time or 100 collisions. The poloidal
field keeps its direction during the intermittency. The dimensionless spin-up time scale
at this lowest Ek is Ek−1/2 = 45 and the dimensionless magnetic diffusion time scale
is Rm = 10000. Both of them are far away from the intermittency time scale 1000.
Therefore, this intermittency is correlated neither to Ekman pumping nor to magnetic
13
Figure 8: Intermittency of magnetic energy. Ek = 5× 10−4, Rm = 104 and τ = 10.
(a) Magnetic energy as a function of time.
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diffusion, but might be caused by some complicated nonlinear effect. Since the polarity
does not reverse, the surface rocks of a planetesimal can be magnetised without can-
cellation. If one zooms into one of these peaks as shown in subfigure 8b, one discovers
smaller peaks separated by 10 units of time. These peaks are of course expected for
τ = 10, but there is at present no explanation for the appearance of the long time scale
1000. This intermittency is not observed at the higher Ekman numbers.
4. Discussion
We numerically calculate the nonlinear self-sustained dynamo in a spherical shell
driven by the spin-up process due to the periodic reversals of the rotation of the outer
boundary. We investigate different Reynolds numbers or Ekman numbers, magnetic
Reynolds numbers and collision rates. It is found that there exists a dynamo window
for collision rates and this window is wider at lower Ek. This spin-up flow is helical
near the boundary. The toroidal field reverses after each collision whereas the poloidal
field keeps its direction. A non-axisymmetric hydrodynamic instability at low Ek helps
dynamo action. The magnetic field is temporally intermittent at low Ek.
Although we use a simplified spin-up dynamo model to interpret the magnetic field
of planetesimals and our numerical calculations are far away from the real parameter
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(b) Zoom of the peak at t = 1900− 2000.
regime of the early solar system, it appears that collisions are a plausible energy source
for dynamos in planetesimals.
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